or, sin(2k+1)u= 


y 


where f(z, y) is a polynomial in x and y of degree 2k. Substituting (4) and the 
value of sinv in (1) we get 


or when rationalized and rearranged : 
Cryf(, y)+- CR? +y? — BR? (a? +y? ....(5) 


which, clearly, is a polynomial of degree 4k+-2=2n. 
In the second case, n==2k, we have 


[ y? ] 


where g(2, y) is a polynomial of degree 2k—2. Substituting again in (1) and 
proceeding similarly as when we obtained (5), we get 


Ereyg(2, —(r? —R?) + =, ....(8) 

which, clearly, is a polynomial of degree 4k—2n. We have therefore the theorem: 
The xy-projection of a closed loxodromic winding n times around the axial cirele 

is an algebraic curve of order 2n. The loxodromic itself is either of order 4n or else is 

a part of a curve of this order. 

4. As an example take n=1, so that (5) becomes 


+ ry)? 


This represents an ellipse and the corresponding loxodromic is a cirele (see loc. 
cit.), and it must therefore be cut out by a double tangent-plane of the torus. 
This result may be stated in the theorem: 

The double-tangent-planes of a torus cut the torus in circles which intersect the 
parallels and meridians of the torus under constant angles. 

The cylinder R?(x? +y?)—=(R? —r?-+-zy)?, z—=arbitrary, cuts the torus in 
two circles of this kind, which are equally inclined to the zy-plane, thus making 
together a degenerated curve of the fourth order. The remainder of the inter- 
section is an imaginary curve of the fourth order (two imaginary conics). 

nn, 


Taking R—2r, we get hence The orthogonal loxodromic 
1 
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winds 3 times around the axial circle. Its equation is easily found to be 


R* (x? +y? 


and is, as we expect, of the 6th order. 

Every closed loxodromic has an n-fold symmetry with respect to meridian- 
planes. Hence the cylinder with its ry-projection as a base cuts the torus in an- 
other loxodromie which is the reflection of the first on the ry-plane. The loxo- 
dromic is thus generally of order 4n. 


The University of Colorado, November, 1902. 


ON BALL’S HISTORY OF MATHEMATICS. 


By DR. G. A. MILLER. 


Among the few histories of mathematics in the English language the third 
edition of Ball’s work is the latest and most extensive.* It is therefore natural 
that this work should find a place in the libraries of many teachers of mathemat- 
ics in these days of deep interest in the history of science. The following cor- 
rections and additions may possibly prove helpful especially to those who do not 
have the time or opportunity to study Cantor’s great work.+ 

On page 4, Ball says, ‘‘The Egyptians and Greeks simplified the problem 
by reducing a fraction to the sum of several fractions, in each of which the nu- 
merator was unity, so that they had to consider only various denominators: the 
sole exceptions being the fractions 3 and #. This remained the Greek practice 
until the sixth century of our era.’’ 

Being unable to find any instance where the ancient Egyptians had used 
the fraction ? I recently wrote Ball about the matter and received the following 
reply, ‘‘I cannot find my authority (if I had one) for the statement that the 
Egyptians used the fraction #. I fear it must have been an error which 1 have 
repeated in each edition without verification.’’ 

The above quotation from Ball’s History is also apt to convey a false im- 
pression in regard to the Greek methods of dealing with fractions. While it is 
true that the Greeks employed unit fractions to a considerable extent, yet they 
also employed fractions with a general numerator and had a general notation for 
such fractions. In these respects they differed very widely from the Egyptians, 
although one might be led to infer the contrary not only from the above quota- 
tion but also from the statement on page 76. . 

On page 13 it is stated that the history of mathematics written by 


* A Short Account of the History of Mathematics. By W. W. R. Ball, The Macmillan Company, 
New York, 1901, pp. xxiv+527. 


t Vorlesungen ueber Geschichte der Mathematik. Von Moritz Cantor, Teubner, Leipzig, 1884-1901. 
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Theophrastus has been lost. Although Cantor makes a similar remark on page 
108 (Vol. 1) of his history, yet it seems to have been proved quite recently that 
such a history never existed.* The statement on page 59 that Books VII, VIII, 
IX, and X of Euclid’s Elements are devoted to the theory of numbers is found 
in each of the three editions. Since Book X is devoted to irrational magnitudes 
it cannot be classed with theory of numbers according to the common use of this 
term. 

As Archimedes had employed the formula to find the sum of an arithmet- 
ical progression and the Pythagoreans had found the sum of certain arithmetical 
series, the statement on page 87, ‘‘Hypsicles developed the theory of arithmet- 
iéal progressions which had been so strangely neglected by the earlier mathema- 
ticians,’’? seems to give too much credit to Hypsicles. Even the ancient Egyp- 
tians were acquainted with the formula to find the sum of an arithmetical series, 
while such series were also known among the Babylonians. 

Unfortunately, Ball gives a number of dates as definitely established 
which are known only approximately. For instance, it is not known exactly 
when the author of the most influentialGreek arithmetic lived, yetBall states definite- 
ly on page 97 that Nicomachus was a Jew, who was born at Gerasa in the year 50. 
Two pages later he states that Ptolemy died in 168 which is equally uncertain. 
The famous Neopolitan lad of 16 who is mentioned on page 103 was Annibale 
Giordano and not Oltajano. His home was in Ottajano. 

Among the references on page 125 there should be included the valuable 
work of Conant, entitled Number Concept, published by The Macmillan Company. 
The tribe of West Africa, mentioned on page 127. counted by multiples of six 
and not by multiples of seven. On the same page it is stated that the Hindoos 
used the abacus Or swan-pan, while on page 161 we read more correctly that ‘‘the 
Arabs (like the Hindoos) seem also to have made little or no use of the abacus.’’ 
The fact is that the existence of the abacus among the Hindoos has not yet been 
established. 

In the Roman abaci which I have seen pictured elsewhere, the marginal 
grooves or wires were used for fractions whose denominators are 12, 24, 36, 48, 
and 72, and not for those whose denominatozs are 4, as stated by Ball on page 
129. The object which Leonardo had in view in writing his famous Liber Abaci 
seems to have been entirely misstated on page 174. That the words ‘‘in order 
that the Latin race might no longer be deficient in that knowledge’’ cannot refer 
to the Arabie system of notation follows directly from Leonardo’s own words. It 
is quite probable that they refer to the method of ‘‘false assumption’’ upon which 
so mnch stress is laid in the Liber Abaci. On page 184 we read that Bradwar- 
dine ‘‘was the first European to introduce the cotangent into trigonometry.”’ 
This function had been used earlier by Robertus Anglicus. 

Pages 185 and 186 present a very remarkable state of affairs. While 
Oresme is the greatest French mathematician of the fourteenth century, yet Ball 


*Cf. Enestroem, Bibliotheca Mathematica, Vol. 3, 1902, p. 246. At this place Enestroem notes 
a number of errors in Ball’s History. Some of the must important one are repeated in the present note. 
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says ‘‘I do not propose to discuss his writings.’’ The Latitudines formarum of 
Oresme explains how to draw a curve which represents the changes of a func- 
tion during a given period, just like our modern temperature curves, and 
exhibits some of the properties of such curves. It indicates a very important 
step towards analytic geometry and hence it is of great historical interest. It 
was studied very extensively and exerted a powerful influence on the mathemat- 
ical teachings of those times. Why such a work should be passed in silence is 
difficult to see. This becomes the more remarkable if it is observed that Ball 
gives on page 186 the courses in mathematics offered at the University of Vienna 
in 1389. One of these courses was devoted to Latitudines but as he failed to ex- 
plain this subject at its proper place he is compelled to give an incomplete list of 
these courses. He seems to have substituted ‘‘measurement of superficies’’ for 
latitudines formarum, which conveys a totally wrong impression. 

On page 195 we read, ‘‘and the test of the accuracy of the result by cast- 
ing out the nines was invented by the Arabs.’’ This test seems to have been em- 
ployed earlier by the Hindoos. Record is believed to have been the first to use 
the modern sign for equality and gives as his reason for selecting this particular 
symbol that no two things can be more equal than two parallel straight lines. 
Notwithstanding this definite statement by Record we are told on page 221 that 
the symbol = was a recognized abbreviation for the word est in medieval man- 
uscripts; and this would seem to indicate a more probable origin than Record’s 
own words. 

We shall call attention to only one more statement, which is not incorrect but 
somewhat misleading. In speaking about Gauss, on page 462 we are told that 
‘the discussed the binomial equation of the form x2"=1: this involves the cele- 
brated theorem that it is possible to construct by elementary geometry regular 
polygons of which the number of sides is 2"(2"+-1), where m and n are integers 
and 2”+1 is a prime.”’ 

Why should it be 2"(2"+1) when it might just as well be 3.2"(2"+1), 
5.2™(2"+-1), or 15.2"(2"+1), since regular polygons of which the number of 
sides is of any one of these forms can be constructed in a similar way when 
n=0 or n>2. In fact these cases when n—0 were all known at the time of Eue- 
lid while Gauss made the remarkable discovery that » can have any value greater 
than 2 provided 2"+1 is prime. Before the time of Gauss not a single polygon 
for n>2 had been constructed by elementary methods. 

It may be added that this matter is stated in an unsatisfactory manner in 
at least two other recent histories of mathematics. From the statement in 
Cajori’s History of Elementary Mathematics page 74 the reader would be likely 
to infer that it was impossible to construct a regular polygon of 51 sides by ele- 
mentary methods, while the English editor of Fink’s History of Mathematics, 
page 207, would seem to imply that even the regular pentagon could not be con- 
structed in this way. 

These remarks are not intended to throw discredit on the works cited. 
Few books are accurate in all details and histories of mathematics are no excep- 
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tion to this rule. In fact from the great variety of subjects treated, the task of 
their authors is an unusually difficult one. It is therefore important that the 
reader should be on his guard and utilize all available material instead of relying 
completely on some one author. 


Stanford University, November, 1902. 


A DEVELOPMENT OF THE CONIC SECTIONS BY KINEMATIC 
METHODS. 


By JOHN JAMES QUINN, Ph. B., Head of the Department of Mathematics and Manual Training, 
Warren High School, Warren, Pa. 


THE CIROLE. 


Proposition I. If two lines A and B, pivoted at P and P’, respectively, be 
placed at any angle » to each other, and both revolve in the same direction with the 
same angular velocity, the locus of their intersection is 
a circle. 

Let ¢ and ¢ denote the angles which, A and B in 
their initial position make with the line PP’. Then 


In any new position of A and B, 


Hence »=p'’=constant, so that the locus is a circle. 
Remark. If p denotes the distance PP’ between the pivots and C denotes 
the area of the generated circle, then 


C=xp*, if »=30°; C= if »—45°; 
if C—rp*, if »=-90°. 


Proposition II. If two lines A and B, pivoted in an axis X, and initially 
coincident with it, revolve in the same direction, the one having twice the angular veloc- 
ity of the other, then the locus of their intersection is a cirele. 

Let ¢ be the angle through which B moves in a 
unit of time; 2¢ the angle through which A moves in 
the same time, and @ the vertical angle. 

By the conditions, 2¢—¢+6. Therefore 0=¢. 
Whence the triangle PMP’ is isosceles. But the side 
PP’ is constant. Therefore the side PM is constant. 
Therefore the locus of the intersection ofA andB isa circle. 
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THE PARABOLA. 


PROPOSITION III. Jf two lines A and B, be pivoted in an axis X, at the same 
point P, and both revolve in the same direction, but the angular velocity of the line A 
is to the angular velocity of the line B as 2:1, the locus of the intersection M of A with 
a line NM parallel to the axis through the point of intersection of B with a fixed per- 
pendicular Y to the axis is a parabola. 

A revolves through 26; B revolves through 
Since MN is parallel to XY, @=6'=06". There- 
fore MP=MN. Therefore the locus of M is a 
parabola. 


THE ELLIPSE. 


PROPOSITION IV. If at two fixed points three 
lines A, B, and C, be pivoted, A at one point P’, revolving at any velocity, and gener- 
ating the directing circle with center P’; B and C at the other point P, revolving in the 
same direction, but the line C at such a rate that its intersection with A lies in the di- 
recting circle; and B at such a rate that the angle BC is constantly equal to the angle 
AC, then the locus of the intersection M of B and A is an 
ellipse. 

Let the angle AC—6@, and the angle BC=¢. 
Since the angle ¢=angle 6, the line MN=line PM. 
Therefore PM+P’M=P’N+-MN. But 1'M+MN=A= 
a constant, being the radius of the directing circle. 
Therefore the locus of M is an ellipse. 

COROLLARY. The perpendicular bisector of the line 
C is tangent to the ellipse at the point M. 

Proposition V. If a circle of center C be describ- 
ed in the plane of an ellipse MN with its circumference passing through a focus P and 
cutting the directing circle in A and A’, then the lines drawn from C to the mid-points 
D and D' of PA and PA’ are tangent to the ellipse. 

It is to be shown that CD and CD’ (not 
drawn in the figure) are tangents to the ellipse 
with the foci Pand P’. Let N be the intersec- 
tion of P’A with the ellipse. Then PN+NA= 
P’N-+-PN, so that NA=PN. But CD is perpen- 
dicular to PA at its mid-point, since CA=CP. 
Hence CD passes through the vertex \. By the 
preceding corollary, CD is tangent to the ellipse at the point N. Similarly for 
the tangent CD’. 

As a corollary, we derive the following construction for the tangents to an 
ellipse from any external point C in its plane: With C as a center, and CP asa 
radius, describe an are cutting the directing cirele in A and A’. Draw P’A and 
P’A' and let them intersect the ellipse at N and VN’. Then CN and CN’ are the 
required tangents. - 
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A simple modification leads to a construction for a tangent to a parabola 
from any external point C. We have only to replace the directing cirele by the 
directrix of the parabola. 


THE HYPERBOLA. 


PRoposiTION VI. If at two fixed points P and P’, three lines A, B, and C, 
be pivoted, A at one point revolving in one direction at any velocity; B and C 
at the other pivot revolving in an opposite direction, C at such a rate that it constantly 
intersects A in the circumference of a directing circle described with P as a center, B 
at such a rate that the angle BC is constantly equal to the angle CA, then the locus of 
the intersection M of A and B is a hyperbola. 

Let the angle AC be denoted by ¢and BC by @. 
Since ¢=—0, the segment NM=segment PM in any 
position. Therefore PM — P’M = PM— NM=PN= 
constant. Therefore the locus of M is a hyperbola. 

Proposition VII. If a circle with center C be 
described in the plane of a hyperbola passing through one 
focus P and intersecting the directing circle at E, and the 
other focal radius P’ M be drawn through this point E to 
meet the curve at M, the line OM is tangent to the 
hyperbola. 

Draw MP and EP. The triangle EMP is isos- 
celes and CM is perpendicular to the base PE at its 
mid-point A. Therefore it passes through the vertex 
M and is tangent to the hyperbola. 


A METHOD FOR CONSTRUCTING AN HYPERBOLA, GIVEN 
THE ASYMPTOTES AND A FOCUS. 


By ARCHIBALD HENDERSON, Ph. D., Associate Professor of Mathematics, University of North Carolina, 
Chapel Hill, N. C. 


Consider any circle, whose center is the point (0, y,) and whose radius is 
the distance from this point to the focus [}/(a?+°), 0] of an hyperbola. The 
equation of this circle is 


+(y—yy)®=y +a? +d°, 
or 2? -+y? —2y,y—(a? +b? )=0....(1). 


Now we may represent any point on an asymptote to the hyperbola 
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by introducing the parameter ¢. 
on the asymptote 


Thus y,; )=(at,, bt, ) represents any point 


b 


and (x,, y, =(—at,, bt.) represents any point on the asymptote 
y +—a«=—0....(4). 


If the circle (1) cuts the asymptotes (3) and (4) in the specified points 
(715 (Le; Ye), Vespectively, we have 
(a? +b?)(t 
(a? (t,2 —1)—=2by ot,....(6). 


By division we obtain 


which may be written 


(t, (t,t, +1)=0....(7). 
The solution 
t, —t, =0....(8) 


shows that, for one position of (,, y,), the line joining (7,, y,) and (7,, y,) is 
parallel to the z-axis. Discarding this case, let us consider the solution 


t,t, --1=0....(9). 


Since (2,, the equation of the line joining (z7,,y,) and 
1 


Y2) is 


y—ot, _ &—at, 


) (fat) 
b 2bt 


But this line touches the hyperbola (2), since 
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QD. 


The lines joining the pairs of points (right hand, say) in which a system of co- 
axial circles, passing through the foci of an hyperbola, cuts the asymptotes, envelope 
that hyperbola. 

Since, moreover, the middle point 
of the line joining (7,, y,), (%,, lies 
on the hyperbola, we have the theorem: 

The middle points of the lines join- 
ing the pairs of points in which a system of 
co-axial circles, passing through the foci of 
an hyperbola, cuts the asymptotes, describe 
that hyperbola. 

These two theorems give two 
methods for constructing an hyperbola, 
the one by lines, the other by points, 
when the asymptotes and a focus are known.* Other constructions might readily 
have been given, but those given above seem the most instructive. 


The University of Chicago, November, 1902. 


problem. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


163. Proposed by CHRISTIAN HORNUNG, A.M.. Professor of Mathematics, Heidelberg University, Tiffin.0. 


Three Dutchmen and their wives went to market to buy hogs. The names of the 
men were Hans, Klaus, and Hendricks, and of the women, Gertrude, Anna, and Katrine; 
but it was not known which was the wife of each man. They each bought as many hogs as 
each man or woman paid shillings for each hog, and each man spent three guineas more 
than his wife. Hendricks bought 23 hogs more than Gertrude, and Klaus bought 11 more 
than Katrine. What was the name of each man’s wife? 


Solution by J. SCHEFFER. A. M.. Hagerstown, Md.. and M. E. GRABER, Heidelberg University, Tiffin, 0. 
Let x represent the number of one of the women’s hogs, and y the number 
of her husband’s; then by the conditions of the problem y?—z?+63. Conse- 
quently z*?+63 must be an integer, since ;/(2?-++63) represents the number of 
hogs. The equation y*? —x*—63 or (y+ x)(y—2z)=—63 admits of three solutions, 
viz., 213, and 9x7. 


* Compare the November number of the Montuty for a note by the writer on the converse of this 
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y—xr=3 y—2=7; 


whence y=32, r=31; y=12, y=8, Since 32—9+-23 and 12=—1+11, 
32 belongs to Hendricks, 12 to Klaus, 9 belongs to Katrine, 1 to Gertrude. 
.'. 32 Hendricks, 31 Anna; 12 Klaus, 9 Katrine; 8 Hans, 1 Gertrude. 
Henee, Hendricks is Anna’s husband, Klaus is Katrine’s husband, and 
Hans is Gertrude’s husband. 
Also solved by W. R. LEBOLD, G. B. M. ZERR, and M. A. GRUBER. 


164. Proposed by JOSEPH V. COLLINS, Ph. D., Professor of Mathematics, State Normal School, Stevens 
Point, Wis. 


Three women, the first with ten eggs, the second with thirty, and the third with fif- 
ty, went to market. They each got the same for their eggs, and all returned with the 
same money. What did they get? 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Let a, 6, and c=the respective numbers of eggs the three women sold at 
y cents for every d eggs; and, for the remaining eggs, let x cents=price per egg. 


Then (10—a)z y = (80—b)x y=(0—-0)z 


b—a c—a c—b 

Solving for a, b, and c, we find a+c=26. For positive values, a<9, b> 
20+a and <31, c>40+a and <5l. 

Put d=2. Take a=2; then )=24 and 26, c—46 and 50, y=2z7/11 and 4z. 
For integral values, put r=11 and 3, respectively; then y==2 and 1. Therefore, 
10 eggs brought § x 2c+-8x 1le=90e, or § X1le+8 x de=25e; 30 eggs brought 
24x x Lle=90e, or x 1le+4x and 50 eggs brought 4° x 2e-+4x 
1le=90e, or 5,° x le=2ie. 

Put d=3. Take a=3 and 6; then }==24 and 27, c=—45 and 48, and y=1z. 
Put r=7, then y=1, and each of the women received 50¢ or 30e. 


Nors. —A special case of Mr. Gruber’s solution is to let y=the price they received for the eggs per 
dozen and z=the price they received for the remaining eggs. Then 10z=amount the first woman receiv- 
ed, 2y+6c—amount the second received, and 4y+2zx=amount the third received. Since they all received 
the same amount, we have 10r=2y+6x=—4y+2x. Therefore y=2x. Hence, if they sell them at 1, 2, 3, or 4c 
each, and 2, 4, 6, or 8c per dozen, they will receive the same sum. 

Mr. Charles C. Cross and Mr. M. E. Graber solved the problem by assuming that they sell 7 eggs 
for a cent and the remaining eggs at 3cents each. Thus each woman would get 10 cents. 

Professor Zerr assumes that the first woman sells 1 egg for 1 cent and the remaining 9 at 6 cents 
each, receiving, therefore, 55 cents; the second sells 25 eggs for 1 cent each and 5 eggs at 6 cents each; 
and the third 49 eggs at 1 cent each and 1 egg for6 cents. This way each would receive 55 cents. Eb. F. 


ALGEBRA. 
161. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud. England. 


If n quantities are made up of q sets of r each, find the number of permutations s at 
atime. It is supposed that the quantities in each set are alike, but different from those 
in the other sets. 
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Solution by G. B. M. ZERR, A.M., Ph.D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa. 


If all different, the number of permutations—n! ; but r things can be per- 
muted in r! ways, and qg sets of r things in a set, can be permuted in (r!)% ways. 
“. SX (r!)%=n!, or 


162. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


If (200 find value of x freed from 3°. 


Solution by the PROPOSER. 
Let .*. r= 37 sinn(t+am). a can have all positive 
integral values. 
Let 
Then z=e-(Csinnt + Scosnt). Now 


1 1 


1—e- *™eos(mn) (—1)e—*™sin(mn) 


1—2e—*meos( mn) 


Ome 


1—e—*™e0s(mn) s= e—*msin(mn) 


{1 —e-*meos(mn) |sinnt-+-e—*™sin(mn )cosnt} 
1—2e—*™e0s(mn) + e—2km 


e—kt_—e—k(m+8) sinn(t—m) 
1 


NOTE ON PROBLEM 145 (UNSOLVED) BY H. 8S. VANDIVER, STUDENT, UNIVERSITY OF 
PENNSYLVANIA, PHILADELPHIA, PA. 


It is possible to show that 
F(a, b, c, d)=2b°c? a? +2a2b? 4- 2a? d? +2b2d*? +2c?d? —a*—b4—c4+—d4 


cannot be expressed as the product of two rational factors. For, assuming that 
we have 
F(a, b, c, d)=f(a, e, (a, b, ¢, ad) 


(by symmetry both f and f’ must contain all the letters a, b,c, andd). Put 
a=b, c=d. Then 
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Fa, a, d, d)=f(a, a, d, d)f'(a, a, d, d)=12a?d* —2a4 —2d4. 


That is, 12a?d?—2a* —2d‘+ must be resoluble into two rational factors in a and d, 
since neither f(a, a, d, d) nor f(a, a, d, d) can equal unity. It is evident how- 
ever that 12a?d? —2a*—2d* does not possess this property. 


GEOMETRY. 


190. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


Find the locus of the centers of sections of an ellipsoid by planes which are ata 
constant distance from the center. 


Solution by the PROPOSER. 


The center of the ellipsoid being the origin, and («, 3, 7) being the center 
of the section, its equation is found to be 


The perpendicular from the center of the ellipsoid upon it is 


a constant, by the problem. This gives the required locus, which, by rationaliz- 
ing, is easily seen to be a surface of the fourth degree. 
Excellent solutions were also received from PROFESSORS ZERR, WALKER, and SCHEFFER. 


CALCULUS. 


151. Proposed by J. SCHEFFER. A. M., Hagerstown, Md. 


Integrate the differential equation, ay = bx +ay. 


Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio University, 
Athens, Ohio. 


Let z=e", y=e"; then with x «=6, y red the given equation reduces 
to 6(0’—b)z=ae’....(1), in which u and v are the independent variables. 
The integral of (1) is 
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ay 
2=c(y) + logr +¢,logr+e,....(2), 


noticing that u—logr and v—logy. 
Also solved by G. B. M. ZERR, G. R. DEAN, L. C. WALKER, and J. SCHEFFER. 
Professor Walker should have been credited with a solution of Problem 148. 


152. Proposed by F. P. MATZ. Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, Ohio. 


Solve the differential equation, — ylogxr —a[logr+-1]—0. 


Solution by BEULAH FRAIZER, Sophomore Student, Missouri School of Mines, Rolla, Mo. 

Dividing by e’, he —ylogr—ae-*[logr+1]. The integrating factor is 
( 


e—S logrds — ¢+x(1—loge) - Multiplying by this, 


C2... 


The left hand member is the derivative of a Hence we have 
logr+1 
ert dx==—ax* +e. 
x 


—a 
The solution is therefore, y=——— 


Also solved by G. B. M. ZERR, and L. C. WALKER. 


158. Proposed by J. SCHEFFER. A. M., Hagerstown. Md. 
Find the equation of the loxodromie curve on an oblate spheroid. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics in The Temple College, Phila- 


delphia. Pa. 


Take the figure to Problem 95, Calculus, page 79, No. 3, Vol. VII. Let 


AG =0, EP==r, CO=-b, OB =a, and CG—an elliptical are; Then 
a*—e* x? PN 
PN QN =ds J dx, QN -tan,3. 


(1—e? )tanjd@p 
cos (1—e* sin? p) 


| 
| 
| 
{| 
itl 
ii 
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(1—e? )tanfdy 


C= 


l+sing l+esing 
(a2 —e®x?) +} (a*—z*) 
(1—e?*) 


=(1—e* )tan 


(a? +e (a? —2*) 
e log’ ay/(1—e*) 


DICPHANTINE ANALYSIS. 


92, Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Find the sides of integral right triangles when the difference of the legs is given. 


II. Solution by the PROPOSER. 

From (2mn)*? +(m?—n?* +n?*)?*, the general formula for prime in- 
tegral right triangles, we find the difference of the legs to be m? —n? —2mn, or 
(m—n)*?—2n*, the difference of a square and two times a square. This differ- 
ence in prime integral right triangles is a prime number of the form 8p+1, or a 
product or square of such prime numbers. Mathematically speaking, there is an 
indefinite number of right triangles for each difference of legs. 

The first 20 differences of legs of prime right triangles are 1, 7, 17, 23, 31, 
41, 47, 49 (=7"), 71, 73, 79, 89, 97, 103, 113, 119 (=7 x17), 127, 137, 151, and 
161. 

When the difference of the legs is 2, 3, 4, 5, 6, 8, etc., the sides of the trian- 
gles are 2, 3, 4, 5, 6, 8, etc., times the sides of triangles in which the difference of 
the legs is 1. A difference of 14 is 14 times the difference of 1, and 2 times the 
difference of 7. And so on for all multiple right triangles. 

Put m?—n?—2mn=—id. Then m*—2mn+n?=2n?id, and m=—n+ 
V(2n? +d). As already shown, d=the difference of a square and two times a 
square. Therefore, put d=2r?—s*. We will now have to find » in terms of r 
and s, so that ,/[2n*® + (27° —s?)] becomes rational. This is done by forming a 
series of convergents with r and s in accordance with the convergents of 1/2. 
Hence the following: 


(2n?+d)=s, 2rts, 4r+3s, 10r+7s, 24r+17s, ete. 
m=r, r+8, 8r+28, Tr+5s, 17r+12s, ete. 
m=r+s, 3r+2s, Trt5s, 17ri12s, 41r+429s, ete. 
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The minus sign indicates merely difference in these expressions, thus 
avoiding negative terms. In some of the caleulations the differences are but a 
repetition of the sums. 

To continue the series, the value of m is the next succeeding value of n, 
and the value of m-+-n is the next succeeding value of ;/(2n* +d). 

Take d=1=2x1?%-—1*. Then r=1 and s=1. Whence, n=1, 2, 5, 12, 
29, etc.; m=2, 5, 12, 29, 70, ete. 

Substituting these values in (2mn)? + (m?—n?)*=(m? +n*)?*, we find the 
following right triangles in which the difference of the legs is 1: 4, 3, 5; 20, 
21, 29; 120, 119, 169; 696, 697, 985; 4060, 4059, 5741; ete. 

Take d=7=2x2?—1?. Thenr=2ands=1l. Whence n=2, 1, 3, 4, 8, 
9, 19, 22, ete. ; m=38, 4, 8, 9, 19, 22, 46, 53, ete. 

The right triangles are 12, 5, 13; 8, 15, 17; 48, 55, 73; 72, 65, 97; 304, 
297, 425; 396, 403, 565; ete. 

The sides of another set of triangles will be 7 times the sides of those the 
difference of whose legs is 1; as, 28, 21, 35; 140, 147, 203; 840, 833, 1183; ete. 


REMARK ON PROBLEM 98, BY CHARLES C. CROSS, WHALEYVILLE, VA. 


The solution given by Dr. Drummond of the second part of this problem 
does not appear to me to satisfy all the required conditions. 
Let x and y be the numbers. Then 


=a*(say)....(1); y+1=—o =b?(say)....(2); 
=d?(say)....(4). 


(1) and (2) in (3) and (4) give a?-+-b?—1=c? and a? —b? + 1=d? ; add- 
ing 2a*=c?+d*?. Let c—=m-+-n and d=m-—n, then a®?=m*+n?. Let a?= 
(p?+q?)*?, p* —q?)*, and n*=(2pq)*?. Then —q?+2pq, and d=p*? — 
q?—2pq. Therefore z=( p?+q?)?—1, and y=4pq( —q?). 

In order that this value of y may satisfy the conditions of the problem, 
p?—q? must equal pg+1. Whence g=[)/ (5p? +4) —p]/2 in which +4 is to 
be made a square. 

Let p=2, then g=1._ y=24. 

Let p=3, then g=2. .°. z=168, y=120. 

Whence z+1—132; y+ 1—11?; r+y+1=—17? ; and z—y+1=7*. Andso 
on for other values of p. 


101. Proposed by HARRY S. VANDIVER, Bala, Pa. 


Prove that it is impossible to find integral values for x, y, and z such that 
the relation z?y+22*=y?*z is satisfied. 


Solution by the PROPOSER. 
Suppose that z, y, and z are integers that satisfy r°y+a2z?=y*z....(1), then 
we find 


| 
| 
| 
| 
i 
j 
| 
| 
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x y ZX Y 
where +-y3 —23 —3ryz 


Y=3 (2x? y +22? —y*z)=0. 
Z-=3 (xy? 


Then substituting in (2) and expanding 
X3 +73 —(x3+-y3 —23 + 32ryz)8 


which is impossible, since the sum of two integral cubes cannot be an integral 
eube. (For a proof, see Euler’s Algebra.) Hence the impossibility of (1) is 
established. 

Also solved by the late JOSIAH H. DRUMMOND. 


AVERAGE AND PROBABILITY. 
122. Proposed by F. M. PRIEST. St. Louis, Mo. 


Suppose each of the nine digits to be placed in a wheel, and five of them drawn at 
random therefrom, and written down in the order drawn. What is the probability the 
number thus expressed will be greater than 50,000? 


Solution by G. B. M. ZERR. A.M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa., and J. F. LAWRENCE, A. B.. Breckenridge, Mo. 


If 5, 6, 7, 8, or 9 be drawn first, the number will be greater than 50,000. 

The chance of drawing 5 is }; of drawing 6, }; of drawing 7, 3; of draw- 
ing 8, }; of drawing 9, }. The chance of drawing 5, 6, 7, 8, or 9 is, therefore, 
§. Therefore the chance that the number is greater than 50,000 is §. 


123. Proposed by L. C. WALKER. A. M., Graduate Student. Leland Stanford Jr. University, Cal. 


Three points are taken at random within a square. What is the probability that the 
angle formed by joining them is acute? 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and 
Physics in The Temple College, Philadelphia, Pa. 


Let ABCD be the square; P, Q, R the three 
random points. Through P, Q draw GH, and through 
@ draw KL perpendicular to GH. When P is be- 
tween G and Q the angle PQR will be obtuse if R 
lies on the opposite side of ZK from P. Draw AF 
perpendicular to KZ; AES perpendicular to GH; ST 
parallel to GH; MN and TU parallel to KZ; DM 
parallel to GH. 

Let AB=a, PQ=2, AF=y, AE=z, £KAF=6. Then AK=-ysecé, BK= 
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Let p’ be the chance that PQR is obtuse. 


1 iT (Ys acos 
a 0 acosé*’ 0 


i udddydzxdx = [ (y+asin?)* seedeosecd — 
a ytané « ln’ 0 


(y+asiné—avos?) *cosec dsecd — y* cosec? 


Yo . . 
J | [(y+asin@)* secécosecd—y’ sec* cosecd — (y +asiné—acosé)* 
Ys 


cosec® dsecd judy 


3 . 
+ [(y + asin@) secécosecd— cosecd—y* sin@secé Judy 


f + asin?) secécosecd — y* sec dcosecd — y* , dy 
0 


acosé 
-+ } (a%sec* dcosecd — y* sec> dcosec? ud do 


of (14sinécosé + 14c0s? 0+ + cot? —cosec? 20cotécosec? 
jr 


45cot? —3b6cot? dcosec? 6 + 10cot*dcosec* 0) de 
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a—ysecé, when L is on BO, BL=(a—ysec0)coté, when L is on CD, and CL= 
a(1—tané)—ysecé. Area Area LCBK=sa(2a— 
2ysecd—atan?)—4u,. An element of area at P is xdrdé; at Q, dydz. 
The limits of 6 for 4u are 4= and 47, and 0 and 4-; for 4u,, 0 and 4-; of y for 
6=4- to y=0 to y=acos?; for 02=0 to 0-=47, 
to y=acosé, and y=A U=a(1—tan?)secd=y, to y=y,, and y=a(cosé—sin?)=y, 
to y=y,, for 4u,, y=0 to y=y,; of z, for y=0 to acosé, z=ytané to z=acosd 
and z=acosé to z=acosec#— ycotd=z, ; for y=y, to y=acos6, z—ytand to z=z,, 
for y=y, to y=y,, z=ytan@ to z=acosé@ and z—acosé to z=z,, for y=y, to y= 
2=ytané to z—acosé and z—=acosé to z=asecd, for 4u, the limits of z are ytané 
to acos6 and acos@ to asec@; of z, 0 and y+ztané=z,, and 0 and y+ acosecé— 
zcot@=x,. The limits of x must be doubled for the case when P is on the oppo- 
site side of LK. The whole number of ways the three points can be taken is a®. 


it (Ys acosé@ 
udodu +f f udodu ] LS dzxdx + f | 
a jr 0 Ys tané « acosé’ 0 


| 

| 
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| 

| 

| 
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| 
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(4sin® 6+ 20sin* + sec®cosec? 


+ 6see7 dcoseed — 60sec? Ocosecd 10tan? 
+20tan’ 6+ 20cosec? 0+-123sec? + 5tan2ésec?@ 
+14tan‘ dsec* 0—103tan4ésec? 0+ 186tan5 6— 236tan dsec? 6 
-+192tan7 @sec? 60tan® dsec? 0-+-36tan® 6+-84tan! 
+45tan' 20sec? 9927 — log2. 
3p’ p=1—3p’=}Llog2+ p=.260292. 
124. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defitnce, Ohio. 
Find the average area of a spherical polygon of n=6 sides. 


No solution of this problem has been received. 


MISCELLANEOUS. 


118. Proposed by 0. W. ANTHONY. New York. N. Y. 
If f is determined by the equation f(#v)=f(“)f—-(v) +f(”)f-(“), where 


the inverse of f, show that f[(2)# 


Where is a constant. 


Solution by G. B. M. ZERR, A.M.. Ph.D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa. 


J=Gh/“4, where k=4. 


119. Proposes >v L. C. WALKER, A. M., Graduate Student, Leland Stanford Jr. University, Cal. 


Show how to determine the illumination at any point of the surface of the water at 
the bottom of a deep well, due to the light from the sky. 


A solution of this problem appeared in the November number. The prob- 
lem was incorrectly numbered. Eb. 


120. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 
Prove 


Solution by G. B. M. ZERR, A. M., Ph.D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa. 


sin(3)sin/7(y+z—z2) 


| 
| 
| 
i} 
if 
- 
i 


] 
=sin*z[sin? 
+ 2sin*ysin*z — 4sin*rsin® ysin?z—sin‘z 
—sin‘y—sin‘z 
1—sin(3)sinII(y +z—2)=1-+ + 7sin?x—23sin* 
yeos?z 
+ ysin®z—=1 + sin*z+ ysin®z 
—2sin® rsin® ysin*z 
=1+ 
(1)=(). gives (1). 


No solutions of Problems 121, 122, 123, and 127 have been received. Eb. 


NOTES. 


BIOGRAPHICAL SKETCH OF THE LATE HON. JOSIAH H. DRUMMOND. 


The story of the life of Dr. Drummond when fully written would comprise 
a large part of the political history of the State of Maine during the last half a 
century. Only the leading facts in his life can here be narrated. For a more 
extended narrative of his life, the reader is referred to the newspapers of Port- 
land, Maine, all of which at the time of his death gave very fully the leading 
events of his life. 

Josiah H. Drummond was born in Winslow, Maine, August 30, 1827, and 
died at Portland, Maine, October 25, 1902. He graduated from Colby in 1846; 
read law in the office of Boutelle & Noyes in Waterville; was admitted to the bar 
of Maine in 1850, and to the bar of California, to which State he made a business 
trip, in 1851; returned to Maine and began the practice of law at Waterville; 
left the democratic party in 1855 on the anti-slavery issue and became one of the 
founders of the Republican party; was elected to the House of Representatives of 
Maine in 1857 and 1858, serving as Speaker; elected to State Senate in 1859, he 
was almost immediately after the beginning of the session elected attorney gen- 
eral and was three times re-elected ; removed to Portland in 1860, was elected to 
the House from Portland in 1869, and declined a re-election in 1870; reeeived 
the degree of LL. D. from Colby College in 1871. He was a practicing lawyer, 
vice president of the trustees of Colby; a director of the Union Mutual Life In- 
snrance Company, and of the Union Safe Deposit and Trust Company, and clerk 
of the Maine Central corporation. 
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In 1875, Mr. Drummond was urged by his friends to become a candidate 
for United States Senator. With reluctance he allowed his name to be used, but 
was defeated owing largely to the influence of the late Thomas B. Reed. Mr. 
Reed and Mr. Drummond were strong personal friends, but he never asked 
‘‘Tom’’ as he called him to the last, to change his position. 

In 1875 and 1884 he was a delegate to the Republican National Conven- 
tion, and in 1884 was the recognized Blaine leader. 

While Mr. Drummond was a very busy man and wide interested 
in everything relating to the political interests of the State, and never allowing 
outside matters to interfere with his professional duties, he still found time to 
read some mathematical journals and solve some problems. 

Dr. Drummond was very skillful in solving in a very elementary way 
some of the difficult problems in Diophantine Analysis. In this department of 
analysis he was especially interested, and the MONTHLY contains many of his 
excellent solutions. 

For a portrait of Dr. Drummond see Vol. [V, No. 10. B. F. F. 


This number completes the ninth volume of the Monraty. With Dr. 
Dickson as associate editor, we can assure our readers, with much confidence, 
that the tenth volume will contain much material of permanent value. In order 
that no hindrance be put in the way of future improvement, it is desirable, and 
necessary, that every one of our subscribers not only continue his subscription 
for the coming year, but also secure, if possible, one new subscriber. In order 
to encourage our subscribers to help increase our subscribtion list, we will send 
the MONTHLY one year to one old subscriber and one new one for $3.00. May 
we have the help of all in this matter? B. F. F. 


By an order of the French Minister of War the use of logarithmic tables 
and calculations, based upon the centesimal division of the right angle, will be com- 
pulsory at the Polytechnic of Paris and at the military academy of Saint-Cyr af- 
ter the year 1905. Five-place tables for the new and old system are issued by 
the French geographic service of the army. The experiences with the new divi- 
sion made by the French navy were most satisfactory. ARNOLD EMCH. 
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ARITHMETIO: The Public School Arithmetic, by J. A. McLellan and A. F. Ames, 
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tions of Geometry, by David Hilbert, translated by E. J. Townsend, 209, 
274-275. 
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276. 
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Celestial Mechanics, by F. R. Moulton, Ph. D., 210; Elements of the Theory 
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Puystos: An Elementary Book on Electricity and Magnetism and Their Appli- 
cations, by Dugal C. Jackson and John P. Jackson, 90; Physics for High 
Schools, by Henry S. Carhart and Horatio N. Chute, 120; Elements of 
Physics, by Fernando Sanford, 242. 

PropaBiLity: A Philosophical Essay on Probabilities, by Pierre Simon, Mar-. 
quis de La Place, 210. 

Tastes: Four Place Logarithmic Tables, by Perey F. Smith, 120. 

Trigonometry: Plane and Spherical Trigonometry, by Charles A. Ashton and 
Walter R. Marsh, 242; A Short Course in Plane and Spherical Trigonom- 
etry, by Edwin S. Crawley, 242. 

Veotor ANALysis: Vector Analysis, by J. Willard Gibbs, 89. 

CALCULUS (see Solutions and Problems). 
DIOPHANTINE ANALYSIS (see Solutions and Problems). 


MATHEMATICAL PAPERS— 


Dickson, L. E.: Factors of a Certain Determinant of Order Six............ 66-68 
The Order of a Certain Senary Linear Group ..... ................... 149-152 
Ninth Summer Meeting of the American Mathematical Society........ 185-187 


A Matrix Defined by the Quaternion Group...... 243-248 


GEOMETRY (see Solutions and Problems). Hy 
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Geometric Derivation of Certain Trigonometric Formule -............. 36-37 
EpstEen, Dr. S8.: AnElementary Account of the Picard-Vessiot Theory...... 249-252 

Hatstep, Dr. Grorcr Bruce: Some Fallacies in Wentworth’s Geometry.... 37-39 


HeEnpeErson, Dr. A.: Two Simple Constructions for Finding the Foci of an 
Hyperbola, given the Asymptote and a Point on, or Tangent to, 
A Method for Constructing an Hyperbola, given the Asymptotes and a 
Hume, Dr. AtrreD: Meridian and Transverse Sections of Heliocoids of Uni- 
Masonke, Dr. Hernrico: Some Modern Methods and Principles in Geometry 214-219 
Matz, F. P.: The Motion of a Projectile in a Medium Resisting as the Cube 


Dr. G. A.: Determination of All Groups of Order 168... 1-5 
On Ball’s History of Mathematics ........... 280-283 
Moorg, Dr. E. H.: The Betweenness Assumption ... 152-153 


Nicnotson, Dr. J. W.: The Expression of the nth Power of a Number in 
Terms of the nth Powers of Other Numbers, n being any 


Quinn, Jonn James: A Development of the Conic Sections by Kinematic 
Snyper, Dr. Virait: Models of Weierstrass Sigma Function and the Elliptic 
Vanpiver, Harry 8.: A Problem Connected with Mersenne’s Numbers.... 34-36 
Application of a Theorem Regarding Circulants...... ..... 96-98 
ZeRk, Dk. G. B. M.: Gravity, True and Apparent 31-34 


MECHANICS (see Solutions and Problems). . 
MISCELLANEOUS (see Solutions and Problems). 


On Solution of Problem 123, Calculus, 47-48; Note on Solution I. of Problem 

131, Algebra, 70; Some Interesting Rules in Multiplication, 1383-1384; On Solu- 

tion of Problem 94, Diophantine Analysis, 2830; On Solution of Problem 154, 

Arithmetic, 159; Note on Problem 164, Arithmetic, 288; Note on Problem 145, 

Algebra, 289; Note on Problem 98, Diophantine Analysis, 293. 
ARITHMETIC— 

A bought a horse a horse and sold it to B at a loss of 5%, B sold it to O, ete. 


Agent sold pork at 5% commission, increasing the proceeds by $20., ete. No. 

Commission merchant sold $4750 worth of wheat, deducting his commission, 

Dutchmen and their wives buy certain number of hogs each ; to find the wife 

Man, a boy, and a girl catch 1 trout; 1 perch, and 1 minnow, ete. No. 161.... 254 


| 


Merchant marked goods 20% above cost, etc. No. 15l.................--05- 10 


Numbers, find some two figured, such that if squared, ete. No.153.......... 68 
Operator on ’change gains 5% on his odd capital every odd day, etc. No. 152 39 
Oxen, 21, eat 8 acres of pasture in 6 weeks, or 18 in 9 weeks, etc. No. 154.... 69 
Oxen, 6, or 10 colts, eat up 3 acres of pasture 18/25 of the time in which 10 

Partnership, A and B entered into, for 3 years, etc. No. 157........... mgt 160 
Tax, amount of, assessed on the property of a city, etc. No. 159 ...... .... 194 
Trolley road built between two towns; gross earnings amount to 20% of orig- 

Women, three, with certain number eggs, return with the same money, etc. 

ALGEBRA— 

A man pays monthly $24.50 for 8 years for a loan of $1250. No. 140... ..... 135 
Eliminate y, z from the equations, z*-++-yz=a, 2*+ay=c, 

Equations, solve the following— 


x ed 
y ete. No. 148 


a—=a*, prove that, never has more than two real roots, ete. 


aty+e+u=a, No. 148 ... 126 
Solve neatly. No. 189.............. ... 134 

5° No.1 .... ..... 43 
+e? y+ y3=53, +23 No. 184 .. 72 
a*-+-*==e, solve if possible. No, 187 .........0 102 
a3 +-2y'3+-423 —6ryz—1. Show that number of solutions in pos- 

itive integers is infinite. No.188 108 


e+ytetw=1, 2ar=h, Satx=h*. No. 151 162 
x/a+-b/y+2/c=Q, x/a+y/b+e/z—R. No. 152 162-163 
=2xz, (y+z)e—(y—z)a 


Find condition that certain irrational ouensiens shall awe no root, ete. 

Factorize 2b*c? + 2c?a*® + 2a°%b? + 2a d? ‘2b? d? + 2e?d? — 

Find general expressions for z, if z—1=—3m, x*—1=4n, x3—1=p. 
Permutation, n quantities made up of q sets of r each, ete. No. 161....... 288-289 
Permutation and combination of teams of two horses, ete. No. 141 ......... 135 
Prove that 2? —Ay*?=+n if x/y is the convergent, ete. No.142........ 135 
Permutation in which 15 different problems, ete. No. 144.................. 137 
Permutations of different foot-ball teams, ete. No. 149 161 


Permutations of sets of officers, etc. No. 150... 161 
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Tangents parallel to the three sides are drawn to the in-circle, etc. No. 135 72 
Theorem of Fermat. Sum of two integral 4th powers, etc. No. 138.......... 70 
Show that the equation, +‘ -+qz* -+s=—0, cannot have three equal roots. 

Show that if the roots of the cubic, x? +-3pz* +3qr-+r—0, be in har- 

x y 
Square root of 10+2)/6-+2)/10+2)/15=what? No. 160.............. 257 
GEOMETRY— 
Conies, given the tangential equations of two, S, S’, find the tangential co- 

Cities, two, are 200 miles apart; how high must man ascend from one to see 

Conic section, if P, P', Q, Q' be the extremities of two chords, ete. No. 153 44 
Circle, center N, of nine-point, of triangle ABC lies on P, ete. No. 172...... 138 
Circle, to construct, tangent to given line at given point, ete. No. 178...... 139 
Cylinder, 30 feet long, 2 feet in diameter, is to be placed in a machinery car, 

Circle, if from any point in circumference of, circumscribed about a triangle, 

Ellipses, prove that the extremities of the lata recta of, having agiven major 

axes 2a, lie on the given parabola, etc. No.181...................... 167 
Ellipse, OB, OA are semi-conjugate diameters. Draw BM perpendicular and 

equal to O4, cutting it.in ete. No. 965... 75 
Ellipsoid, find locus of centers of sections, by planes, etc. No. 190.......... 290 
Field enclosed by fence in circular form and a straight gate 20 feet long, etc. 

Lines, if three straight, meet in a point, and the arbitrary constants of their 

Orthocenter, p, g, r the distances from, to sides, prove, etc. No. 170........ 105 
Parabola, y2 =16z,find nearest distance of, from ellipse. No. 171............ 105-106 
Parabola, given two tangents to, find locus of center of nine- -point circle, ete. 

Quadrilaterals, two having shone sides of one  eanel to three sides of the other, 

Quadrilaterals, ABCD is a, whose diagonal triangle is PQR, etc. No. 188.... 259 
Triangle, spherical, formed by joining mid-points of sides of spherical trian- 

Triangle, circle inscribed, and in angles A, B, etc., circles are inscribed, etc. 

Triangle, ABC, given distances from vertices of, to center of circle, to con- 


Triangle, if bisectors of base angles are equal, triangle is isosceles. No. 123 48-44 
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Triangle, equilateral, show by simple diagram that if angle-sum is constant, 


that constant is a straight angle. No. eee 44-45 
Triangle, given the equal sides of an isosceles, and radius of an inscribed tri- 

Triangle, if at vertex of an isosceles, a rhombus be pivoted, ete. No. 167.... 104 
Triangle, to draw perpendicular to one side dividing triangle into two equiv- 

Triangle, if two medians of a, intersect at right angles, ete. No. 177........ 164 


Triangles, of all isosceles, inscribed in a circle, the equilateral is the maxi- 


Triangle ABC. A’, B’, C’ the images of ABC, ete. No. 180............... 166-167 
Triangle, if two sides of, and its in-circle be given, ete. No. 186...... .... 223-224 


Triangle, 4D, BE, CF are the altitudes of the triangle ABC, ete. No. 187... . 258-259 
Triangle, the perpendicular from the right angle on hypotenuse of a right an- 


gled triangle is an harmonic mean, ete. No. 189 ........ 259-260 
CALCULUS— 

Area, find total of between curve y= ete. and z-axis. No. 150............. 262-263 
Cardioides, r=a, etc., and r=b, etc., show that they intersect at right angles. 

Curve, to find, for which sum of that part of tangent, etc. No. 134.......... 140-141 
Catenary, to find equation of evolute of. No. 141-142 
Curve, develop equation of, assumed by the inextensible and revolving skip- 


Curve, find, length of whose are measured from given point, ete. No. 138. .167-168 
Curve, r"=a"sinné rolls along a straight line. Show that the intrinsic 
equation of evolute of locus of pole s*"=a"[1+1/n]"sin¢. 


Ellipse, find area of greatest, inscribed in semi-circle. No. 143........... AS 200 
d. 
Equation, find differential, (a—2) +(b-9) No. 142.... 199 
Equation, solve differential, x7 (2 +ylogr)—a=0. No. 180...... .... 107 
Equation, differential, of curve is ty=0, 76-77 
E,uation, show that complete primitive of [ 
4 Pp p 1+<2? dz? 
os 
Equation, solve the differential, y=—cosaz. No. 121........ 16-17 


Equation, solve the differential, (y—zr))/ (1+ 2? )(dy/dz)=n(1+y?)? . 


0? 
Equation, solve the differential, zy be tay. No. 151. ......290-291 


Equation, solve the differential, e[ | — a{logr + 1]=0. 
No. 152 


( 

| 
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Find equation of loxodromic curve on oblate spheroid. No. 153............291-292 | 
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: 
Find in finite terms, the value of f log tan¢dd¢. No. 128 ..... 19-20, 47-49 
0 


Find volume contained between the conical surfaces whose equation is 


Helmholtz’s differential equation of strength of electrical current, etc. No. 

Integrate with regard to d[j/(1—2*)]. No. 181 108 
Pole, two inches in diameter, perpendicular to vertical plane, ten feet from 

ground a string is attached, ete.’ No: 140... 198 
Parallelogram, find the moment of inertia of, about axes, ete. No. 127...... 76 
Polar equation of curve, what expression derived from, is equivalent to the 

Quadrilaterals, among all, inscribed in an ellipse, to determine, etc. No. 129 106-107 
Surface, find, bounding volume in problem 102. No. 145........ .......2055 225-226 
Volume, find, common to the two solids, ete. No. 144 ................ see. 260 


Volume, find, of sphere, within paraboloid, ete. No. 144 
Volume, find, contained between plane z=etc., and surface xz2 =etc. No. 149 261-262 
Watering-pot, tin, constructed by joining frustums of two right cones, ete. 


MECHANICS— 


Beads fastened at equal intervals on a string placed over a fixed pulley, etc. 
Cycloidal tube, vertex downward, a sphere is placed in tube, ete. No. 126.. 21-22 
Fourier series, develop, to represent temperature in circular wire, ete. No. 127 51-52 
Grating, defraction, with lines .05mm apart, etc. No. 146................. 263-264 
Liquid, infinite mass of, bounded by xz plane, etc. No. 142.................. 228 
Parabola, if described on the vertical face of a reservoir wall, ete. No. 125.. 20-21 
Particle placed on convex side of smooth ellipse and acted upon by two forces 


Particles, two, projected from A and B on same level at certain places to hor- 

Parabola, vertex vertical, described on vertical face of a reservoir wall, ete. 

Particles, long row, mass m, connected by elastic strings. ete. No. 140...... 227-228 
Pendulum, hangs from a bicycle moving in a straight line, ete. No. 141...... 228 


Spheres, two, whose masses are M, and M,, to find work in carrying 

unit mass from mid-point between them, ete. No. 129 
Sphere, rotating, begins to disappear in space, etc. No. 189.................. 226-227 
Stick of square-edged timber 20 feet long, carried by three men, etc. No. 133 142-143 
String, rests against inner side of elliptic, wire, ete. No. 137 (unsolved) ... 169-170 


Train, stopped by air brake in 91 feet, etc. No. 136 .. 169 
Tube, elliptic, held in vertical plane, particle is projected from lowest point, 


Weight, if the distributed, on foundations of building is W lbs., ete. No. 132 110 


Work done in compressing carbon dioxide gas, ete. No. 1384... .......... 143-144 

Wheel, to find force to draw it over an immovable cylinder. No. 185... .144, 169 
DIOPHANTINE ANALYSIS— 

Congruence, prove, z? —1457=0(mod.2389) is not possible. No. 86.. 7 


Find three square numbers in harmonic progression, etc. No. 88..... hr ee 79-80 


— 
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Find three numbers in arithmetical progression the sum of whose cubes is a 
Find two unequal square numbers, sum of whose sum, ete. No. 91=95. .118, 202 
Find the least three integral numbers such that the difference of every two, 
Find sides of integral right triangle when difference of legs is given. No. 92 
Find general expression for radius of sphere in right cireular cone, ete. No. 
Find least three integral numbers such that if to square of each,ete. No. 98 232 
Find expressions for indefinite values if p and q satisfy x* + y? —l=a 


Find the least three positive integral numbers whose sum of squares, etc. 


Parallelopipeds, set forth twenty terms in some infinite series, ete. No. 93. .201-102 
Prove that every indeterminate equation of second degree can be re- 


Prove that it is impossible to find integral values of z, y, z that will 

Show that 27? +2y? =o, 27? No. 89............ 111 
Show that 22—«* + bry--cyz is satisfied, ete. No. 90............ ... 112, 145 
Show that area of a rational triangle cannot be a square. No. 94........... 202 


AVERAGE AND PROBABILITY— 
Cylinder pierces a sphere in such a manner that the cylinder is tangent inter- 


Circles, two drawn at random, so as to lie wholly on surface of a given circle, 

Cube, a given, is cut by a plane in such a way that section is a regular hexa- 

Digits, the nine, put in a wheel and five are drawn, to find chance that num- 

Dice, two players throw three, the object being to throw in one cast an ace, a 


Ellipse, if placed at random on an equal ellipse, find chance, ete. No. 120... .265-266 
Hemisphere, two points taken at random on curved surface of, show that av- 

erage length of straight line, ete. No. 107............. 22-23 
Polygon, regular, of n sides, placed at random on an equal polygon. Show 


Pentagon, find average area of, formed by joining five points taken at random 

Quadrilateral, find average area of, sides a, b,c,andd. No. 108............ 52 
Quadrilateral, formed by joining four points taken at random in a given cir- 

Semi-circle, radius drawn at random in given, and point taken at random in 


Square, three points taken within, chance that angle formed is acute. No. 124 294 
Triangle, find average area of, formed by joining three points taken at ran- 

wor. on @ regular hexagon.. No: . 81-82 
Triangle, three points taken at random within, find chance that they will all 

lie on one side of same line, ete. No. 115........ 203-204 
Triangle, straight line drawn parallel to base of, and three points taken at 
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Triangle, find mean distance between two points taken at random on surface 
MISCELLANEOUS— 
Cone, a wire is laid along surface of, right-vertical angle 6, so that wires cut 
generators at constant angle. No. 101 
Cardioid, to divide are into eight parts. No. 108 
Circles, find area enclosed by four, of which two touch z-axis, ete. No. 112.. 
Exhibit cos? ésin* ésin? as a series of harmonies. No. 


f determined by the equation, f(xy)=f(4)f(Y)+f(Y)f(), ete. 


the distance, etc. 

Illumination, to show how to determine at any point on surface of water at 
bottom of deep well. 

Latitude, find, of place where sun’s center remains above horizon for a hun- 
dred consecutive days. No. 108...... : 

Multiple, required the least, of 17 which when divided 2, 3, 4, 
for remainder. No. 102 

Prove that (2m!)/(m!)?® is an integer. 

Prove relation of certain determinants. No. 116 

Prove No. 120 

Index, if refractive, of a medium at given point, prove that path of ray, ete. 
No. 

Reciprocant, deduce the Sylvestrian, from x* +y4—4r*y?. No. 113.... 

Solve log siny=sin logr. No. 103 

Sun’s declination was 15° N., his altitute was found to be 20°, and after hour’s 

Triangle, area of right, with commensurable sides cannot be a square num- 
Der. 

Triangle, a and 6 the sides, A ‘and B the angles opposite. Then logb—loga= 
cos3A,ete. No. 110.... 

Velocity, to determine where to stand so as to throw a stone over tree with a 
minimum velocity. No. 115 

xeosa-+ ycosa—acosé + beos¢, ete. No. 
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